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Exhaustive Search

Problem: find w columns of
H adding to s (modulo 2)

H=

hn




Exhaustive Search

Problem: find w columns of
H adding to s (modulo 2) H=1|h ho e hy ||n—k s=

Answer: enumerate all w-tuples (ji,j2, - -,jw) suchthat1 <jj<p <... <jw <n
and check whether s + h;, + hj,--- + h;, =0

» How to enumerate nicely



proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proc

Enumerate {s + eH' |wt(e) =w} ={s+h, +--- +h,, |1 <ji<... <jw<n}
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for j; from 1 ton n
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for jop fromj; +1ton
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for jy fromj, 1+ 1ton



proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proc

Enumerate {s + eH' |wt(e) =w} ={s+h, +--- +h,, |1 <ji<... <jw<n}

for j; from 1 ton n

1
for jop fromj; +1ton
2:

for jy fromj, 1+ 1ton
w: SW(—S—I-hj1+hj2+~--—|-hjw



proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proc

Enumerate {s + eH' |wt(e) =w} ={s+h, +--- +h,, |1 <ji<... <jw<n}

for j; from 1 ton n

1
for jop fromj; +1ton
2:

for jy fromj, 1+ 1ton
w: Sy < S+ hy +h, +---+ h,
[if sw = 0 then return (ji,jo,- .-, jw)] OF [store(Sw, (j1,Jo, - - -, jw))]



proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proc

Enumerate {s + eH' |wt(e) =w} ={s+h, +--- +h,, |1 <ji<... <jw<n}

for j; from 1 ton n

1:
for jop fromj; +1ton
2:

for jy fromj, 1+ 1ton
w: SW(—S—I-hj1+hj2+---—|-h'w
[if sw = 0 then return (ji,jo, ..., jw)] OF [store(Sw, (J1,J2,- -, Jjw))]

. n .
Total cost is at most W<W> column additions and (:/) tests



proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proc

Enumerate {s + eH' |wt(e) =w} ={s+h, +--- +h,, |1 <ji<... <jw<n}

for j; from 1 ton n
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for jop fromj; +1ton
2:

for jy fromj, 1+ 1ton
w: SW(—S—I-hj1+hj2+---—|-h'w
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proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proc

Enumerate {s + eH' |wt(e) =w} ={s+h, +--- +h,, |1 <ji<... <jw<n}

for j; from 1 ton n

1:
for jop fromj; +1ton
2:

for jy fromj, 1+ 1ton
w: SW(—S—I-hj1+hj2+---—|-h'w
[if sw = 0 then return (ji,jo, ..., jw)] OF [store(Sw, (J1,J2,- -, Jjw))]

. n ,
Total cost is about W(W) column operations



proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proc

Enumerate {s + eH' |wt(e) =w} ={s+h, +--- +h,, |1 <ji<... <jw<n}

for j; from 1 ton n
1. s < s+h
for i .
. or jo from 1 +1ton H=|h ho hn||s|| n—k
for jy from j,_1 +1ton
w:

[if sw = 0 then return (ji,jo, ..., jw)] OF [store(Sw, (J1,J2, - - »Jjw))]

Instead, we may keep track of partial sums



proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proc

Enumerate {s + eH' |wt(e) =w} ={s+h, +--- +h,, |1 <ji<... <jw<n}

for j; from 1 ton n
10 s+ s+h
for jop fromj; +1ton
H=1|h h hn ||s|| n—k
2: Sp ¢ S1+hy, (=s+hy+hy) v "

for jy fromj, 1+ 1ton
[if sw = 0 then return (ji,jo, ..., jw)] OF [store(Sw, (J1,J2, - - »Jjw))]

Instead, we may keep track of partial sums



proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proc

Enumerate {s + eH' |wt(e) =w} ={s+h, +--- +h,, |1 <ji<... <jw<n}

for j; from 1 ton n
1. s < s+h
for jop fromj; +1ton
=1|h h _
2: So < &1 + hj2 H 1 2 hn S||n-k

for jy fromj, 1+ 1ton
w: Sw < Sw—1+h;, (=s+h,+h,+--+h,)
[if Sw = O then return (j1, o, ..., Jw)] OF [store(Sw, (j1,/2, - -, jw))]

Instead, we may keep track of partial sums



proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proc

Enumerate {s + eH' |wt(e) =w} ={s+h, +--- +h,, |1 <ji<... <jw<n}

for j; from 1 ton n
1. s < s+h
for jop fromj; +1ton
= | h h -
2: Sp < 81+ hy, . e fn | |8| | n—k

for jy fromj, 1+ 1ton
w: Sw < Sw—1+hj,
[if sw = 0 then return (ji,jo, ..., jw)] OF [store(Sw, (J1,J2, - - »Jjw))]

Line i is executed about (7) times



proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proc

Enumerate {s + eH' |wt(e) =w} ={s+h, +--- +h,, |1 <ji<... <jw<n}

for j; from 1 ton n
1. s < s+h
for jop fromj; +1ton
= | h h -
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Line i is executed about (7) times

— total of about (?) + (g) 4+ 4 (VZ) column additions



proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proc

Enumerate {s + eH' |wt(e) =w} ={s+h, +--- +h,, |1 <ji<... <jw<n}

for j; from 1 ton n
1. s < s+h
for jop fromj; +1ton
= | h h -
2: Sp < 81+ hy, H v hn |18 n—k

for jy fromj, 1+ 1ton
w: Sw < Sw—1+hj,
[if sw = 0 then return (ji,jo, ..., jw)] OF [store(Sw, (J1,J2, - - »Jjw))]

Line i is executed about (7) times

— total of about (:) + (g) 4+ 4 <VZ) column additions

. n .
dominated by <W> when w is not too large
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Exhaustive Search

Problem: find w columns of
H adding to s (modulo 2) H=1|h ho e h,||n—k s=

Answer: enumerate all w-tuples (ji,/2,- -, jw) Suchthat1 <ji <jp<... <juw <n
and check whether s + hj;, + hj,--- + h;, =0

» How to enumerate nicely

_ n .
Requires about <w> column operations



Exhaustive Search

Problem: find w columns of
H adding to s (modulo 2) H=1|h ho e h,||n—k s=

Answer: enumerate all w-tuples (ji,/2,- -, jw) Suchthat1 <ji <jp<... <juw <n
and check whether s + hj;, + hj,--- + h;, =0

: n .
Requires about W column operations

Note that we obtain all solutions



Birthday Decoding

Problem: find w columns of
H adding to s (modulo 2)




Birthday Decoding

Problem: find w columns of
H adding to s (modulo 2) H=

Answer: Split H into two equal parts and enumerate the two following sets

w w
Ly= {e1H1T | wi(ey) = E} and Lp = {S+ exHy | wi(ep) = E}

If £1 N Lo # 0, we have solution(s): s+ esH{ + exH] =0



proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proc

Compute £4 N Lo = {e1H] |wi(er) = ¥} N {s+ eH] |wi(e) = 4}

n

2.0



proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proc

Compute £4 N Lo = {e1H] |wi(er) = ¥} N {s+ eH] |wi(e) = 4}

n

for all ey of weight w/2
X+ etH] ; T[x] « T[x]u{es}

Total cost: (,,',’,//22)

|L4]

2.0



proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proc

Compute £4 N Lo = {e1H] |wi(er) = ¥} N {s+ eH] |wi(e) = 4}

n

for all ey of weight w/2
X+ etH] ; T[x] « T[x]u {es}
for all ey of weight w/2 H= S| |n—k
X« S+ eHJ

Total cost: (17/3) + (/)

\L4] L2

2.0



proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proc

Compute £4 N Lo = {e1H] |wi(er) = ¥} N {s+ eH] |wi(e) = 4}

n

for all ey of weight w/2
X+ etH] ; T[x] « T[x]u{es}
for all ey of weight w/2 H= S| |n—k
X« S+ eHJ
for all ey € T[x]
I+ TZu{(es,e2)}
()"
Total cost: (,,’,’,//22) + (v';//zz) oz

C1| [La|  EiE

2.0



proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proof proc

Compute £4 N Lo = {e1H] |wi(er) = ¥} N {s+ eH] |wi(e) = 4}

n

for all ey of weight w/2
X+ etH] ; T[x] « T[x]u{es}
for all ey of weight w/2 H= S| |n—k
X« S+ eHJ
for all ey € T[x]
I+ T1TU {(61 s 62)}
return Z
(w2)’
Total cost: (,,’,’,//22) - (,%22) oz

C1| [La|  EiE

2.0



Birthday Decoding

Problem: find w columns of
H adding to s (modulo 2) H=

Answer: Split H into two equal parts and enumerate the two following sets

w w
L= {61H1T | Wt(61) = E} and Lo = {S+ 62H2T | Wt(eg) = E}

If £1 N Lo # 0, we have solution(s): s+ etH] + exH] =0

» Algorithm

(n/2 2
w/2
on—k

Requires about 2(5’//22) +

column operations

Can also be written 2L + L2 /2% where L = |L4] = | L]

2



Birthday Decoding — Complexity

Problem: find w columns of
H adding to s (modulo 2) H= n—-k S=




Birthday Decoding — Complexity

Problem: find w columns of
H adding to s (modulo 2) H=

n/2)2

w/2

(w)

One particular error of Hamming weight w splits evenly with probability P =



Birthday Decoding — Complexity

Problem: find w columns of
H adding to s (modulo 2) H=

2.2
w2)

(w)

One particular error of Hamming weight w splits evenly with probability P =

We may have to repeat with H divided in several different ways

or more generally by picking the two halves randomly




Birthday Decoding — Complexity

Problem: find w columns of
H adding to s (modulo 2)

To obtain all solutions:




Birthday Decoding — Complexity

Problem: find w columns of
H adding to s (modulo 2) H=

2
To obtain aif most solutions: (.7.//2)

oo .. [ 1. compute £ and Lo P=
repeat with ~ 7 different splitting: { 2. compute £1 N L




Birthday Decoding — Complexity

Problem: find w columns of

H adding to s (modulo 2) H= s=

. . n/2 2
To obtain aif most solutions: ( /2)
repeat with ~ - different splitting: { |+ COTPUte £1and £, "
°p P PUING: o compute £1 N £, w

2\2 /on—
20) = () /2 2(p) ()
2 -
P (w2 2

Total cost

operations



Birthday Decoding — Complexity

Problem: find w columns of

H adding to s (modulo 2) H= s=

. . n/2 2
To obtain aif most solutions: ( /2)
repeat with ~ - different splitting: { |+ COTPUte £1and £, "
°p P PUING: o compute £1 N £, w

2
2(;/2)+(”/2) /2n—k 2(n) (n)
/2 w/2 _ “\w w ;
Total cost s = ( .7, //i) + on—k operations

~ V8w, /(]) + # Solutions



Birthday Decoding — Complexity

Problem: find w columns of

H adding to s (modulo 2) H= s=
nj2+e nj2+e 2
To obtain aff m(1)st solutions: o r » ("C,,z/zs)
. . ... [ 1.compute £1 and Lo = n
repeat with ~  different splitting: { 2 compute £1 1 £ (w)

Relaxation: allow overlapping — H; and H, are wider by ¢



Birthday Decoding — Complexity

Problem: find w columns of

H adding to s (modulo 2) H= s=
nj2+e nj2+e 2
To obtain aif most solutions: (HCVZ/JEE)
repeat with ~  different splitting: { - COMPUte £1 and £, P=rm =
P TP PItING- 1 o, compute £1 N Lo v

Relaxation: allow overlapping — H; and H, are wider by ¢

We choose ¢ such that (”ﬁf/?) ~ 4/ (,) — single repetition



Birthday Decoding — Complexity

Problem: find w columns of

H adding to s (modulo 2) H= s=
n/2+e n/2+e
To obtain aif most solutions: (HCVZ/JEE)
repeat with ~  different splitting: { - COMPUte £1 and £, P=rm =
P TP PItING- 1 o, compute £1 N Lo v

Relaxation: allow overlapping — H; and H, are wider by ¢

We choose ¢ such that (”ﬁf/?) ~ /() — single repetition

Total cost: 24/ (1) + (1) /2" % = 2L + 2 /2" K with L = /(]

(up to a small constant factor)

3
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