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Generalized Reed-Solomon codes
Ü n, k nonnegative integers such that 1 ≤ k ≤ n ≤ q.

Ü a = (a1, . . . ,an) ∈ Fn
q with ai 6= aj for all i 6= j . =⇒ code locators

Ü b = (b1, . . . ,bn) ∈ Fn
q with bi 6= 0 for all i . =⇒ column multipliers

Polynomial Vector
Space: Lk = {f (X ) ∈ Fq[X ] | deg(f ) < k}

Lk is a vector space of dimension k over Fq

A basis for Lk is
{

1,X ,X 2, . . . ,X k−1
}

Evaluation
Map:

eva,b Lk −→ Fn
q

f (X ) 7−→ b ∗ f (a)
= (b1f (a1), . . . ,bnf (an))

The Generalized Reed-Solomon code (GRS)

GRSk (a,b) =
{

eva,b (f ) | f ∈ Lk

}
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Parameters of GRS codes
Proposition

The GRSk (a,b) is an [n, k ]q code with minimum distance d = n − k + 1

2



Canonical Generator matrix for GRS

One basis for Lk is
{

1,X ,X 2, . . . ,X k−1
}

Thus,
{

eva,b(1) , eva,b(X ) , eva,b(X 2) , . . . eva,b(X k−1)

}
gives a generator

matrix for GRSk (a,b)

G =


1 1 . . . 1
a1 a2 . . . an

a2
1 a2

2 . . . a2
n

...
...

. . .
...

ad−2
1 ad−2

2 . . . ad−2
n




b1 0
b2

. . .

0 bn



=


b1 b2 . . . bn

b1a1 b2a2 . . . an

b1a2
1 b2a2

2 . . . bna2
n

...
...

. . .
...

b1ad−2
1 b2ad−2

2 . . . bnad−2
n

 ∈ Fk×n
q

3



Canonical Generator matrix for GRS
One basis for Lk is

{
1,X ,X 2, . . . ,X k−1

}

Thus,
{

eva,b(1) , eva,b(X ) , eva,b(X 2) , . . . eva,b(X k−1)

}
gives a generator

matrix for GRSk (a,b)

G =


1 1 . . . 1
a1 a2 . . . an

a2
1 a2

2 . . . a2
n

...
...

. . .
...

ad−2
1 ad−2

2 . . . ad−2
n




b1 0
b2

. . .

0 bn



=


b1 b2 . . . bn

b1a1 b2a2 . . . an

b1a2
1 b2a2

2 . . . bna2
n

...
...

. . .
...

b1ad−2
1 b2ad−2

2 . . . bnad−2
n

 ∈ Fk×n
q

3



Canonical Generator matrix for GRS
One basis for Lk is

{
1,X ,X 2, . . . ,X k−1

}
Thus,

{
eva,b(1) , eva,b(X ) , eva,b(X 2) , . . . eva,b(X k−1)

}
gives a generator

matrix for GRSk (a,b)

G =


1 1 . . . 1
a1 a2 . . . an

a2
1 a2

2 . . . a2
n

...
...

. . .
...

ad−2
1 ad−2

2 . . . ad−2
n




b1 0
b2

. . .

0 bn



=


b1 b2 . . . bn

b1a1 b2a2 . . . an

b1a2
1 b2a2

2 . . . bna2
n

...
...

. . .
...

b1ad−2
1 b2ad−2

2 . . . bnad−2
n

 ∈ Fk×n
q

3



Canonical Generator matrix for GRS
One basis for Lk is

{
1,X ,X 2, . . . ,X k−1

}
Thus,

{
eva,b(1) , eva,b(X ) , eva,b(X 2) , . . . eva,b(X k−1)

}
gives a generator

matrix for GRSk (a,b)

G =


1 1 . . . 1
a1 a2 . . . an

a2
1 a2

2 . . . a2
n

...
...

. . .
...

ad−2
1 ad−2

2 . . . ad−2
n




b1 0
b2

. . .

0 bn



=


b1 b2 . . . bn

b1a1 b2a2 . . . an

b1a2
1 b2a2

2 . . . bna2
n

...
...

. . .
...

b1ad−2
1 b2ad−2

2 . . . bnad−2
n

 ∈ Fk×n
q

3



Canonical Generator matrix for GRS
One basis for Lk is

{
1,X ,X 2, . . . ,X k−1

}
Thus,

{
eva,b(1) , eva,b(X ) , eva,b(X 2) , . . . eva,b(X k−1)

}
gives a generator

matrix for GRSk (a,b)

G =


1 1 . . . 1
a1 a2 . . . an

a2
1 a2

2 . . . a2
n

...
...

. . .
...

ad−2
1 ad−2

2 . . . ad−2
n




b1 0
b2

. . .

0 bn



=


b1 b2 . . . bn

b1a1 b2a2 . . . an

b1a2
1 b2a2

2 . . . bna2
n

...
...

. . .
...

b1ad−2
1 b2ad−2

2 . . . bnad−2
n

 ∈ Fk×n
q

3



The dual code of a GRS code

C is MDS ⇐⇒ C⊥ is MDS

Proposition

GRSk (a,b)⊥ = GRSn−k (a,b′)
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Decoding GRS codes
Let C = GRSk (a,b) be an [n, k ,d ]q code with parity check matrix:

H =


1 1 . . . 1
a1 a2 . . . an
a2

1 a2
2 . . . a2

n
.
.
.

.

.

.
. . .

.

.

.
ad−2

1 ad−2
2 . . . ad−2

n

 ·


b1 0
b2

. . .

0 bn

 ∈ F(n−k)×n
q

c ∈ C = GRSk(a,b)
is sent

y = c + e ∈ Fn
q

is received

Noisy
∃f ∈ Lk : c = eva,b(f ) = b ∗ f (a)

Error positions:

I = {i ∈ {1, . . . ,n} | bi f (ai) 6= yi} = {i1, . . . , it}
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Decoding GRS codes
We define the polynomial: E(X ) =

∏
i∈I

(X − ai)

E(X )bi f (ai) = E(X )yi for every i ∈ {1, . . . ,n}

E(X )f (X ) is a polynomial of degree ≤ t + (k − 1)

E(X )f (X ) =
t+k−1∑

i=0

BiX i with Bi ∈ Fq (unknown)

E(X ) is a polynomial of degree t

E(X ) = X t +
t−1∑
i=0

AiX i with Ai ∈ Fq (unknown)

We have a system with:
Ü n equations
Ü 2t + k unknowns

This system has solution if 2t + k < n
Thus, we can correct up to t < n−k

2 = d−1
2
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