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Generalized Reed-Solomon codes

=» n, k nonnegative integers suchthat1 < k< n<aq.
> a=(ay,...,ap) € Fgwith a; # g forall i # j. — code locators
<> b= (by,...,bn) € Fywith b; # 0 for all /. — column multipliers

Polynomial Vector -
Space: Ve Lk = {f(X) € Fq[X] | deg(f) < k}
Lx isa vect{: space of dimension k over Fq

A basis for Ly is {1,x,x2,...,xk*1}

n
Evaluation ©'2P bk — Fq
" Map: f(X) — bxfa)

= (bif(ay),...,bnf(an))

The Generalized Reed-Solomon code (GRS)

GRSk(a,b) = { evap (f) | f € | Lk }




Parameters of GRS codes
Proposition

The GRSk(a, b) is an [n, k|4 code with minimum distance d =n— k + 1
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Canonical Generator matrix for GRS
One basis for Ly is {1,X,X2,...,X"‘1}

Thus, { evap(1) , evap(X) , evap(X?) ,... evap(X<) } gives a generator
matrix for GRS(a, b)

1 1 1 b, O

a aos an b

2 2 2 2
G = a a an
a?? gd2 ... 92 0 bn

b bo bn

b a bsas an

2
= SE S L bnap | € Fhxn
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The dual code of a GRS code

CisMDS <« (' is MDS
Proposition

GRSk(a,b)* = GRS,,_«(a,b’)




Decoding GRS codes

Let C = GRSk(a, b) be an [n, k, d], code with parity check matrix:

1 1 1 O
ay ap a by

H— & a ... a ) be c F(n—k)xn

a2 _d-2 d—2
a ag oA O b
n



Decoding GRS codes

Let C = GRSk(a, b) be an [n, k, d], code with parity check matrix:

1 1 1 O
ay ap a by
2 5 2
H— & a ... a4 ) be c F(n—k)xn
a2 _d-2 ' d—2

c € C = GRS(a, b)
is sent




Decoding GRS codes

Let C = GRSk(a, b) be an [n, k, d], code with parity check matrix:

1 1 1 O
ay ap a by

H_ a‘? a? a_ﬁ _ be ) c ]an—k)xn
af72 ang aﬁ’z O by
c € C = GRS«(a,b) N y=c+ecl,

is sent is received




Decoding GRS codes

Let C = GRSk(a, b) be an [n, k, d], code with parity check matrix:

2 3 2

H=| & @ n
a2 _d-2 d—2

a ag a

c € C = GRS«(a,b)

by

0

by

0

bn

is sent
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Decoding GRS codes

Let C = GRSk(a, b) be an [n, k, d], code with parity check matrix:

1 1 1 O
ay ap a by

H— a‘1 a‘2 ; ) ) c an—k)xn
af72 a?72 aﬁ’z O by
_ . n
ceC__GRSk(a,b) N y=c+eck,
is sent is received

af € Ly - C:eVa’b(f) =bx f(a)

Error positions:

I={ie{1,....n} | bif(a) # yi} = {ir,-.., It}
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Decoding GRS codes

We define the polynomial: £(X) = [ (X — a)

icl

E(X)b,-f(a,-)

E(X)yi

=P iticl E@)=0

Otherwise, bif(a;) = y;

foreveryic {1,....n}
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Decoding GRS codes

We define the polynomial: £(X) = [ (X — a)

"""""" EX)is é'ﬁéf)fﬁgrlh'iéféf degree {7
E(X)= X"+ IX_EA,-X" with A; € F, (unknown)
................... ] ?Q.-.....%./....-..........-..-
E(X)bif(a;)| = |E(X)yi|foreveryic {1,...,n}
FEQ(X) is a ool of degren < th(k—1)!
E(X)f(X) = Hﬁf B X' with B; € T, (unknown)
' i=0

---------------------------------------------

We have a system with:
=» n equations
6 =» 2t + k unknowns



Decoding GRS codes
We define the polynomial: E(X) = H(X — a)

t—1
E(X)= X"+ AX with A € F, (unknown)
q

VN RV VRSV RV RVavY .

E(X)f(X) is a polynomial of degree < t+ (k — 1)
t+k—1
E(X)f(X)= ) _ BX'with B € Fq (unknown)
.______________L:_O _____________________________
We have a system with:
d—1 =» n equations

Th nk _ d-1
,1hus, we can correctuptot < = 5 = B 2 AT

This system has solution if 2t + k < n
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